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$N\equiv\{0,1,2, \cdots\},$ $(\Omega, \mathcal{F}, P)$ $\{\mathcal{F}_{n}, n\in N\}$
$\mathcal{F}_{0}$ $P$- $\mathcal{F}$ $\sigma$- $P$-
Definition 2.1 ([2, 4]) $S\in L^{\infty}(\Omega, \mathcal{F}, P)$ $S,$ $\mathcal{F}$ $\sigma$ - $\mathcal{G}$
$M(S| \mathcal{G})\equiv\sup_{p\geq 1}E[S^{p}|\mathcal{G}]^{\frac{1}{P}}=\lim_{parrow\infty}E[S^{p}|\mathcal{G}]^{\frac{1}{P}}$
$\mathcal{G}$ $S$
Proposition 2.1 ([2, 4])
(1) $S\leq lII(S|\mathcal{G})$ .
$(2^{d})E[S|\mathcal{G}]\leq\Lambda I(S|\mathcal{G})$ .
(3) $\Lambda I(S|\mathcal{G})=ess\inf\{T, T\geq S, T:\mathcal{G}-$ $\}.$
(4) $\mathcal{F}$ $\sigma\sim$ $\mathcal{G}_{1},$ $\mathcal{G}_{2}(\mathcal{G}_{1}\subseteq \mathcal{G}_{2})$
$M(M(S|\mathcal{G}_{1})|\mathcal{G}_{2})=l\downarrow I(\Lambda I(S|\mathcal{G}_{2})|\mathcal{G}_{1})=1II(S|\mathcal{G}_{1})$ .
(5) $S’.S”\in L^{\infty}(\Omega, \mathcal{F}, P)$
$l \downarrow/I(\max(S’, S")|\mathcal{G})=\max(\Lambda I(S’|\mathcal{G}), l\mathfrak{l}I(S"|\mathcal{G}))$ .
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(6) $\mathcal{F}$ $\sigma$ - $\mathcal{G},$ $\mathcal{H}(\mathcal{G}\subseteq \mathcal{H})$ $l\downarrow I(S|\mathcal{H})\leq M(S|\mathcal{G})$ .
(7) $\mathcal{G}$ - $T\in L^{\infty}(\Omega, \mathcal{F}, P)$ $llI(TS|\mathcal{G})=T\Lambda I(S|\mathcal{G})$ .
(8) $G\in \mathcal{G}$ $llI(S|\mathcal{G})=\Lambda I(1_{G}S|\mathcal{G})+llI(1_{G^{C}}S|\mathcal{G})$ .
(9) $\{\mathcal{F}_{n}, n\in N\}$ $\tau$
$11 I(S1_{\{\tau=n\}}|\mathcal{F}_{\tau})=1_{\{\tau=n\}}l\downarrow I(S|\mathcal{F}_{\tau})=1_{\{\tau=r\iota\}}\Lambda I(S|\mathcal{F}_{n})=\Lambda I(S1_{\{\tau=n\}}|\mathcal{F}_{n})$ .
(10) $G\in \mathcal{G}$ $ess$ $\sup_{G}M(S|\mathcal{G})=$ ess $sup{}_{G}S.$
(11) {Sn} $0$ $\lim_{narrow\infty}S_{n}\in L^{\infty}(\Omega,\mathcal{F}, P)$
$\lim_{narrow\infty}l\downarrow I(S_{n}|\mathcal{G})=\Lambda I(\lim_{narrow\infty}S_{n}|\mathcal{G})$ .
(12) $a\in R$
$M(a+S| \mathcal{G})=a+l\downarrow I(S|\mathcal{G}) , 1\downarrow I(\min(a.S)|\mathcal{G})=\min(a, llI(S|\mathcal{G}))$ .
(13) $G=\sigma$ ( $\{$ $P$- }) $\Lambda\prime I(S|\mathcal{G})=||S||_{L^{\infty}(\Omega,\mathcal{F},P)}.$
Remark 2.1 ([2]) $\{S_{n}\}_{n=0}^{\infty}\subseteq L^{\infty}(\Omega, \mathcal{F}, P)$
$\lim_{narrow\infty}\Lambda I(S_{n}|\mathcal{G})=M(\lim_{rtarrow\infty}S_{n}|\mathcal{G})$
3 maxingale
Definition 3.1 ([2]) $\{X_{n}, n\in N\}(\subseteq L^{\infty}(\Omega, \mathcal{F}, P))$ $\{\mathcal{F}_{n}, n\in N\}$ -
(1) $n\in N$ $l\downarrow I(X_{n+1}|\mathcal{F}_{n})\geq X_{n}$ $P-a.e$ . $\{X_{n}, n\in N\}$
subm.axingale
(2) $n\in N$ $\Lambda I(X_{\mathfrak{n}+1}|\mathcal{F}_{\mathfrak{n}})\leq X_{\eta}$ $P-a.e$ . $\{X_{n},n\in N\}$
supermaxingale
(3) $n\in N$ $M(X_{n+1}|\mathcal{F}_{n})=X_{n}$ $P-a.e$. $\{X_{n}, n\in N\}$
maTinga le
Remark 3.1 ([2]) (1)
maxingale
(2) $S\in L^{\infty}(\Omega, \mathcal{F}, P)$ $X_{n}\equiv\Lambda I(S|\mathcal{F}_{n})$ $\{X_{n}, n\in N\}$ $\max\uparrow.n-$
gale $\lim_{narrow\infty}X_{n}P-a.e$. $\lim_{narrow\infty}X_{n}=l\downarrow I(S|\sigma(\bigcup_{n}\mathcal{F}_{n}))$
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4
$\overline{N}\equiv$ $NU\{\infty\},$ $\mathcal{F}_{0}=\sigma$ ( $\{$ $P$- }) $\mathcal{F}=\mathcal{F}_{\infty}=\sigma(\bigcup_{n}\mathcal{F}_{n})$ $\mathcal{G}=$
$\sigma$ ( $\{$ $P$- }) $\Lambda I(S)\equiv l\downarrow I(S|\mathcal{G})$ $\{\mathcal{F}_{n}, n\in N\}$
$\tau$ : $\Omegaarrow N$ $C$ , $\tau$ : $\Omegaarrow$ $\overline{C}$
$\{X_{n}, n\in N\}(\subseteq L^{\infty}(\Omega, \mathcal{F}, P))$
$(A) \inf_{\tau\in C}M(X_{\tau})=M(X_{\tau^{*}})$
$\tau^{*}\in C$
$\{X_{n}, n\in\overline{N}\}(\subseteq L^{\infty}(\Omega, \mathcal{F}, P))$
$(B) \tau\in in_{\frac{f}{c}}\Lambda I(X_{\tau})=\Lambda I(X_{\overline{\tau}^{*}})$
$\overline{\tau}^{*}\in\overline{C}$ $X_{\infty} \equiv\lim\inf_{narrow\infty}X_{n}.$
$\{X_{n}, n\in N\}$ $\{X_{n}, n\in N\}\subseteq L^{\infty}(\Omega, \mathcal{F}, P)$
5
$N\in N$ $\{X_{n}, n=0,1, \ldots, N\}$ (A)
$\{r_{n}^{N}, n=0,1, \ldots, N\}$ :
$r_{N}^{N}\equiv X_{N},$
$r_{n}^{N} \equiv\min\{X_{n}, \Lambda I(r_{n+1}^{N}|\mathcal{F}_{n})\}, n=0,1, \ldots, N-1.$
Theorem 5.1 ([2])
(1) $\{r_{n}^{N}, n=0,1, \ldots, N\}$ $Y_{n}\leq X_{n}$ submaTingale $\{Y_{n}, n=0,1, \ldots, N\}$
$(l^{b}) \tau^{*}\equiv\min\{n|X_{n}=r_{n}^{N}\}$ $\{r_{\min(n,\tau^{*})}^{N}, n=0,1, \ldots, N\}$ maxingale
(3) $r_{n}^{N}= ess\inf_{n\leq\tau\leq N}M(X_{\tau}|\mathcal{F}_{n})$ .
(4) (2) $\tau$
6
Definition 6.1 ([3]) $\{X_{n}, n\in N\}$
$A_{n}\equiv\{\Lambda I(X_{n+1}|\mathcal{F}_{n})\geq X_{n}\}, n\in N,$
$A_{0}\subseteq A_{1}\subseteq A_{2}\subseteq\cdots\subseteq A_{n}\subseteq A_{n+1}\subseteq\cdots,$
$0^{A_{n}=\Omega}$
Theorem 6.1 $\{X_{n}, n\in N\}$ $\mathcal{S}\equiv\inf\{n\in N|M(X_{n+1}|\mathcal{F}_{n})\geq X_{\mathfrak{n}}\}$
$n\in N,$ $A\in \mathcal{F}_{n}$
$\lim_{marrow}\sup_{\infty}l\downarrow/I(1_{A\cap\{\tau\geq m+1\}}X_{m})\leq l\downarrow I(1_{A\cap\{\tau\geq n\}}X_{\tau})$
$\tau\in C$
$\Lambda I(X_{s})\leq 1\downarrow I(X_{\tau})$
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7 Snell
$\{X_{7/}.7l\in N\}$ $\{r_{n}, n\in N\}$ :
$r_{n}\equiv\tau\geq n,\tau\in Cessi1lf1\downarrow I(X_{\tau}|\mathcal{F},,)$.
Theorem 7.1 ( [2])
$r_{n}= \min\{X_{n}, \Lambda I(r_{n+1}|\mathcal{F}_{n})\}.$
Definition 7.1 (admissible [3]) $\tau\in C$ $r\iota\in N$
$\tau>n$ $\Lambda I(X_{\tau}|\mathcal{F}_{n})<X_{n}$
$\tau$ admissible
Theorem 7.2 $\tau^{*}\equiv\inf\{n\in N|X_{n}=r_{n}\},$ $inf\emptyset=\infty$ $\tau^{*}$ admissible
$C$ $\tau^{*}$ $(A)$
Definition 7.2 ( $C$-regular submaxingale, [3]) $\{\mathcal{F}_{n}, n\in N\}$ - $\{y_{n}\}(\subseteq$
$L^{\infty}(\Omega, \mathcal{F}, P))$ $\tau\in C$
$\Lambda I(y_{\tau}|\mathcal{F}_{n})\geq y_{n}$ on $\{\tau\geq n\},$ $\forall_{n}$
$\{y_{n}\}$ $C$-regular submaxingale
Theorem 7. $3\{r_{n}\}$ C-regular submaxingale
$\{X_{n}, n\in N\}$ $X_{\infty} \equiv\lim\inf_{narrow\infty}X_{\eta}$ $\{X_{n}, n\in\overline{N}\}$
$\{\overline{r}_{n}, n\in N\}$ :
$\overline{r}_{n}\equiv essin_{\frac{f}{c}}1\downarrow I(X_{\tau}|\mathcal{F}_{n})\tau\geq n,\tau\in.$
Theorem 7.4 ( )
$\overline{r}_{n}=\min\{X_{n}, \Lambda I(\overline{r}_{n+1}|\mathcal{F}_{n})\}.$
Theorem 7.5 (1) $\overline{\tau}^{s}\equiv\inf\{n\in N|X_{n}=\overline{r}_{n}\}$ $\overline{\tau}^{*}$ $(B)$
(2) $\inf_{\tau\in C}M(X_{\tau})<\infty,$ $\lim_{narrow\infty}X_{n}=\infty$ $P(\overline{\tau}^{*}<\infty)=1$
8 $\epsilon$-
$\epsilon>0$
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